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A NOTE ON THE TERNARY PURELY EXPONENTIAL DIOPHANTINE EQUATION
Ax +By = Cz WITH A+B = C2
ELI˙F KIZILDERE, MAOHUA LE AND GO¨KHAN SOYDAN
Abstract. Let ℓ,m, r be fixed positive integers such that 2 ∤ ℓ, 3 ∤ ℓm, ℓ > r and 3 | r. In this paper, using
the BHV theorem on the existence of primitive divisors of Lehmer numbers, we prove that if min{rℓm2 −
1, (ℓ − r)ℓm2 + 1} > 30, then the equation (rℓm2 − 1)x + ((ℓ − r)ℓm2 + 1)y = (ℓm)z has only the positive
integer solution (x, y, z) = (1, 1, 2).
1. Introduction
Let Z, N be the sets of all integers and positive integers, respectively. Let A,B,C be coprime positive
integers with min{A,B,C} > 1. Recently, there are many papers have discussed the solutions (x, y, z) of the
ternary purely exponential Diophantine equation
Ax +By = Cz , x, y, z ∈ N (1.1)
for some triples (A,B,C) with A + B = C2 (see [1, 3, 4, 6, 7, 9–13]). See also the survey paper [8], for more
details about the equation (1.1).
For example, N. Terai and T. Hibino [12] proved that if
A = 3pm2 − 1, B = (p− 3)pm2 + 1, C = pm, (1.2)
where p is an odd prime with p < 3784 and p ≡ 1 (mod 4), m is a positive integer with 3 ∤ m and m ≡ 1
(mod 4), then (1.1) has only the solution (x, y, z) = (1, 1, 2).
Let ℓ, m, r be positive integers such that
2 ∤ ℓ, 3 ∤ ℓm, ℓ > r, 3 | r. (1.3)
In this paper we consider (1.1) for the case
A = rℓm2 − 1, B = (ℓ− r)ℓm2 + 1, C = ℓm. (1.4)
Using the BHV theorem on the existence of primitive divisors of Lehmer numbers due to Y. Bilu, G. Hanrot
and P.M. Voutier [2], we prove a general result as follows.
Theorem 1.1 (Main theorem). Let A, B, C satisfy (1.4) with (1.3). If min{rℓm2− 1, (ℓ− r)ℓm2+1} > 30,
then (1.1) has only the solution (x, y, z) = (1, 1, 2).
The above theorem can improve many existing results. For example, by comparing (1.2) and (1.4), we can
obtain the following corollary immediately.
Corollary 1.1.1. Let A, B, C satisfy (1.2). If p ≥ 11 and 3 ∤ m, then (1.1) has only the solution (x, y, z) =
(1, 1, 2).
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2. Preliminaries
Let D1, D2, k be fixed positive integers such that min{D1, D2} > 1 and gcd(D1, D2) = gcd(k, 2D1D2) = 1.
We now introduce some results on the equation
D1X
2 +D2Y
2 = kZ , X, Y, Z ∈ Z, gcd(X,Y ) = 1, Z > 0 (2.1)
due to M. H. Le [5]. For any fixed solution (X,Y, Z) of (2.1), there exists a unique positive integer L such
that
L ≡ −D1X
Y
(mod k), 0 < L < k. (2.2)
The positive integer L is called the characteristic number of the solution of (2.1), and denoted by 〈X,Y, Z〉.
Let (X0, Y0, Z0) be a fixed solution of (2.1) and let L0 = 〈X0, Y0, Z0〉. Further, let S(L0) denote the set of
all solutions (X,Y, Z) with
〈X,Y, Z〉 ≡ ±L0 (mod k). (2.3)
Lemma 2.1 ( [5]). S(L0) has a unique solution (X1, Y1, Z1) such that X1 > 0, Y1 > 0 and Z1 ≤ Z, where Z
runs through all solutions (X,Y, Z) in S(L0). Moreover every solution (X,Y, Z) in S(L0) can be expressed
as
Z = Z1t, t ∈ N, 2 ∤ t,
X
√
D1 + Y
√
−D2 = λ1(X1
√
D1 + λ2Y2
√
−D2)t, λ1, λ2 ∈ {1,−1}.
Let α, β be algebraic integers. If (α+β)2, αβ are nonzero coprime integers, and α/β is not a root of unity,
then (α, β) is called a Lehmer pair. Let E = (α+ β)2 and G = αβ. Then we have
α =
1
2
(
√
E + λ
√
F ), β =
1
2
(
√
E − λ
√
F ), λ ∈ {1,−1}, (2.4)
where F = E − 4G. Further, one defines the corresponding sequence of Lehmer numbers by
Ln(α, β) =


αn − βn
α2 − β2 if 2 | n,
αn − βn
α− β if 2 ∤ n,
n = 0, 1, 2, · · · . (2.5)
Obviously, Ln(α, β) (n > 0) are nonzero integers.
A prime q is called a primitive divisor of the Lehmer number Ln(α, β) (n > 1) if q | Ln(α, β) and
q ∤ FL1(α, β) . . . Ln(α, β).
Lemma 2.2 ( [2]). If n > 30, then Ln(α, β) has primitive divisors.
3. Proof of Theorem
In this section, we assume that ℓ,m, r are positive integers satisfying (1.3). Let d = gcd(r · ℓm2 − 1, (ℓ −
r) · ℓm2 + 1). Since
(rℓm2 − 1) + ((ℓ− r)ℓm2 + 1) = (ℓm)2, (3.1)
we have d | ℓ2m2. Further, since gcd(ℓm, rℓm2 − 1) = 1, we get d = 1 and
gcd(rℓm2 − 1, (ℓ− r)ℓm2 + 1) = 1. (3.2)
Lemma 3.1. All solutions (x, y, z) of the equation
(rℓm2 − 1)x + ((ℓ − r)ℓm2 + 1)y = (ℓm)z , x, y, z ∈ N (3.3)
satisfy 2 ∤ xy.
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Proof. Since ℓ > r ≥ 3 by (1.3), we see from (3.3) that 0 ≡ (ℓm)z ≡ (rℓm2−1)x+((ℓ−r)ℓm2+1)y ≡ (−1)x+1
(mod ℓ) and
2 ∤ x. (3.4)
Since 3 | r and 3 ∤ ℓm, by (3.3) and (3.4), we have
0 6≡ (ℓm)z ≡ (rℓm2 − 1)x + ((ℓ− r)ℓm2 + 1)y ≡ (−1)x + (ℓ2m2 + 1)y ≡ −1 + 2y
≡ −1 + (−1)y ≡


0 (mod 3) if 2 | y,
1 (mod 3) if 2 ∤ y.
(3.5)
Hence, by (3.5), we get 2 ∤ y. Thus, the lemma is proved. 
Lemma 3.2. If 2 | m, then (3.3) has no solutions (x, y, z) 6= (1, 1, 2).
Proof. Let (x, y, z) be a solution of (3.3) with (x, y, z) 6= (1, 1, 2). Since (x, y) 6= (1, 1), we have max{x, y} ≥ 2,
and by (3.1), we get z ≥ 3. Hence, by Lemma 3.1, we see from (3.3) that
0 ≡ (ℓm)z ≡ (rℓm2−1)x+((ℓ−r)ℓm2+1)y ≡ (rℓm2x−1)+((ℓ−r)ℓm2y+1) ≡ ℓm2(rx+(ℓ−r)y) (mod m3),
(3.6)
whence we get
ℓ(rx + (ℓ− r)y) ≡ 0 (mod m). (3.7)
If 2 | m, since 2 ∤ xy, then from (3.7) we obtain ℓ2y ≡ ℓ2 ≡ 0 (mod 2). But, since 2 ∤ ℓ by (1.3), this is
impossible. Thus, the lemma is proved. 
Proof of the Theorem. We now assume that (x, y, z) is a solution of (3.3) with (x, y, z) 6= (1, 1, 2). By Lemma
3.2, we have 2 ∤ m. Let
P = rℓm2 − 1, Q = (ℓ − r)ℓm2 + 1, K = ℓm. (3.8)
By (3.1) and (3.8), we have min{P,Q} > 1 and gcd(P,Q) = gcd(K, 2PQ) = 1. Therefore, the results of (2.1)
given in Section 2 can be applied to the equation
PX2 +QY 2 = KZ , X, Y, Z ∈ Z, gcd(X,Y ) = 1, Z > 0. (3.9)
We see from (3.1) and (3.8) that (3.9) has a solution (X0, Y0, Z0) = (1, 1, 2). Let L0 = 〈1, 1, 2〉. Since
P ≡ −1 (mod K), Q ≡ 1 (mod K), (3.10)
by (2.2) and (3.10), we have L0 ≡ −P ≡ 1 (mod K) and
L0 = 1. (3.11)
Further, since P +Q = K2 by (3.1), all solutions (X,Y, Z) of (3.9) satisfy Z ≥ 2. This implies that (1, 1, 2)
is the least solution of S(1), where S(1) is the set of all solutions (X,Y, Z) of (3.9) with
〈X,Y, Z〉 ≡ ±1 (mod K). (3.12)
Since 2 ∤ xy, we see from (3.3) and (3.8) that (3.9) has a solution
(X,Y, Z) = (P (x−1)/2, Q(y−1)/2, z). (3.13)
Let L = 〈X,Y, Z〉. By (2.2), (3.3), (3.8) and (3.10), we have
L ≡ −P
(x+1)/2
Q(y−1)/2
≡ (−1)(x−1)/2 ≡ ±1 (mod K). (3.14)
Hence, by (3.12) and (3.14), the solution (3.13) belongs to S(1). Recall that (1, 1, 2) is the least solution of
S(1). Applying Lemma 2.1 to (3.13), we have
z = 2t, t ∈ N, 2 ∤ t, t > 1, (3.15)
P (x−1)/2
√
P +Q(y−1)/2
√
−Q = λ1(
√
P + λ2
√
−Q)t, λ1, λ2 ∈ {1,−1}. (3.16)
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By (3.16), we get
P (x−1)/2 = λ1
(t−1)/2∑
i=0
(
t
2i
)
P (t−1)/2−i(−Q)i, Q(y−1)/2 = λ1λ2
(t−1)/2∑
i=0
(
t
2i+ 1
)
P (t−1)/2−i(−Q)i. (3.17)
Since (x, y, z) 6= (1, 1, 2), we have max{x, y} > 1. Hence, by (3.1) and (3.17), we get either P | t or Q | t.
This implies that
t ≥ min{P,Q}. (3.18)
Further, since min{P,Q} > 30, we see from (3.18) that
t > 30. (3.19)
Let
α =
√
P +
√
−Q, β =
√
P −
√
−Q. (3.20)
Then (α + β)2 = 4P, αβ = K2 are nonzero coprime integers, and α/β = ((P − Q) + 2√−PQ)/K2 is not a
root of unity. Hence, (α, β) is a Lehmer pair. By (2.5), (3.16), (3.17) and (3.20), we have
Q(y−1)/2 =
∣∣∣∣α
t − βt
α− β
∣∣∣∣ = |Lt(α, β)|. (3.21)
We see from (3.21) that the Lehmer number Lt(α, β) has no primitive divisors. But, by Lemma 2.2, we find
from (3.19) that this is false. Thus, under the assumption, (1.1) has only the solution (x, y, z) = (1, 1, 2).
The theorem is proved.

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